We prove the uniqueness theorem for stationary axisymmetric black holes solution in EinsteinMaxwell-axion-dilaton gravity being the low-energy limit of the heterotic string theory. We consider both the non-extremal and extremal Kerr-Sen black hole solutions.
hole in the theory in question. In subsection C we determine the boundary conditions and show that two stationary axisymmetric solutions of EMAD gravity subject to the same boundary and regularity conditions coincide with each other. In Sec.III the near-horizon geometry of the stationary axisymmetric extremal solution to EMAD-gravity and the boundary conditions for the fields appearing in the theory will be analyzed. All these help us to to find the uniqueness theorem for the extremal Kerr-Sen black hole solution.
II. UNIQUENESS THEOREM FOR KERR-SEN SOLUTION
A. σ-model representation for EMAD-gravity In this subsection we review the derivation of the three-dimensional σ-model representation for the bosonic part of a heterotic string theory compactified to four-dimensions. The so-called EMAD gravity contains metric tensor g µν , U (1) gauge field, the Kalb-Ramond antisymmetric tensor B αβ and dilaton field φ. In four-dimensional spacetime the Kalb-Ramond tensor is equivalent to the pseudo-scalar axion field. The resulting effective action for the bosonic sector of the heterotic string with one gauge field is provided by
where * F µν = 1/2 ǫ µνργ F ργ . In order to reduce the system under consideration to three-dimensions one should have a non-zero Killing vector field. Introducing the timelike Killing vector field allows us to rewrite a metric for an arbitrary stationary configuration in the form as [46] 
where h ij is three-dimensional metric, ω a is the rotation vector, while f is scalar. All the line coefficients depend on
Due to the existence of timelike Killing vector field it will be possible to decompose the generalized Maxwell equations into the two components field, electric and magnetic. Namely, one has respectively the following relations [24] - [26] :
where v is the electric potential, while κ is responsible for the magnetic one. Further, one can introduce the torsion vector [46] defined as
It turned out that it can be rewritten by means of the twist potential χ in the sense defined in Ref. [46] 
The most important feature of the above EMAD-gravity equations of motion is the fact that all the above relations can be achieved by variation of the action provided by [29, 33] 
Consequently, it can be proved that the above equations can be cast into a set of relations derived from the action for σ-model for vector potential Φ A coupled to three-dimensional gravity. Namely, the action is provided by [27] 
where the line element of the target space implies
where we have denoted η = φ − 1/2 ln f and ζ = −(φ + 1/2 ln f ). The vector potential Φ A has six non-zero components (f, v, κ, χ, a, φ). From the action (8) we can get the standard equations of motion for gravitating σ-model. They imply
Varying the action (8) with respect to Φ A we arrive at the equation of motion for Φ A field
where (h) ∇ i is the nabla operator with respect to three-dimensional metric h ij , while Γ A BC is the Christoffel symbol in the target space metric G AB . Now, we proceed to consider another Killing vector field which is assumed to commute with the timelike one introduced before. It implies, without loss of generality, that the three-dimensional metric can be expressed as follows:
Hence, the equation of motion for Φ A field yields
On this account, the function γ may be determined by the equations
Then, the action of the system can be rewritten in terms of the current matrix J i [29, 31, 32 ]
where
Using the Gauss decomposition, the symmetric matrix M may be written as
while symmetric two-dimensional matrices P and Q are given by the following:
where we have denoted w = κ − a v.
B. Mazur identity
In the proof of the uniqueness theorem for stationary axisymmetric black hole solution in EMAD gravity a key role will be played by the so-called Mazur identity [17, 21] . Let us consider two sets of field configurations M [0] and M [1] satisfying the equation of motion of the underlying theory and denote the difference J dif f between those two field configurations by the following relation:
Then, we define the deviation matrix Ψ which implies
where 1 is the unit matrix and
. One can remark that the deviation matrix Ψ will be equal to zero matrix if and only if the two field configurations will accord. Expressing the Laplacian of the deviation matrix in the manner of ρ and z-coordinates one arrives at the following:
where we define the transpose current matrix in the form as follows:
By integrating the above equation over the adequate region Ω of the (ρ, z)-plane and by means of the Green theorem we get the expression
The boundary of the region in question embraces the black hole event horizon, plane of rotation and the infinity. Because of the fact that matrix M has a square root matrix m, i.e., M = m m t one can rewrite the Mazur identity in a suitable form. On this account, one arrives at
. It can be seen that the right-hand side of Eq. (24) is non-negative. If one impose the boundary conditions on ∂Ω such that the left-hand side of the relation disappears, we can conclude that
it also follows that the matrix Ψ has to be constant over the considered region Ω. In particular, if the matrix in question is equal to zero matrix, then it yields that two solutions M [0] and M [1] , subject to the same boundary and regularity conditions match each other.
C. Boundary conditions
In this subsection we shall apply the Mazur identity for the field configuration described by the current matrix J i . We shall look for the boundary conditions of the fields at infinity, on the plane of rotation as well as at the black hole event horizon. Moreover, we assume asymptotical flatness of the considered black hole solution to EMAD gravity and regularity on a plane of rotation and on the the black hole event horizon.
The Kerr-Sen metric being the stationary axisymmetric solution to EMAD gravity was derived in Ref. [23] . The metric of the Kerr-Sen black hole spacetime implies
where we have defined the following quantities:
M is the black hole mass, Q is attributed to its charge, while a is the Kerr rotation parameter related to the black hole angular momentum by J = a M . The black hole event horizon radii are located at
Furthermore, the asymptotic behaviour of the metric coefficients are provided by relations
where M and J are respectively mass and angular momentum asymptotically conserved at spherical spatial infinity. For the fields existing in the theory under consideration, i.e., for dilaton field, electric and magnetic part of U (1) gauge field and for the axion one, we have the following limits asr tends to infinity:
On the other hand, the fields existing in in the theory under consideration, i.e., dilaton and axion fields and electric and magnetic part of U (1) gauge field and for the axion one, yield
They have the following limits as r tends to infinity:
As in Ref. [47] , comparing the asymptotic forms of the metric tensor coefficients given by relations (28) with the WeylPapapetrou metric (2), we derive the boundary conditions. On the other hand, one can assume that they behave in some manner and conduct the uniqueness proof [48] . Moreover, the regularity conditions on the rotation plain requires that g φφ should have the form g φφ = f φφ sin 2 θ. It implies that f φφ ≃r(r − r − ) + O(r).
The event horizon has S 2 -topology which enables one to introduce the spheroidal coordinates
where µ = cos 2θ. The boundary λ = c is responsible for the black hole event horizon, while two rotation axis segments distinguishing the north and south of the horizon are given by the respective limit µ = ±1. Consequently, the asymptotic behaviour of f φφ implies
Similarly, one has that
where f = f φφ sin 2 θ. It may be noted that ρ is provided by the following relation:
By virtue of the above, it can be seen that ρ vanishes at the φ-invariant plane, where sin θ = 0, and also on the event horizon due to the form of the metric (2). It is also clear from the definition of λ, that the relation between λ andr yields
while for r as a function of λ, we getr
It follows directly that, the asymptotic behaviours of ρ are determined by the formulae
On the other hand, the following form of equation may be noted for the rotation vector:
As usual we take into account the domain of outer communication << J >> as an oriented rectangle. Namely, one has the following:
The corresponding metric on the domain of outer communication << J >>, written in spheroidal coordinates is given by
Then, the boundary integral on the left-hand side of the Mazur identity (24) may be written as
We can also readily write down the asymptotic forms of h λλ /h µµ and h µµ /h λλ . They become respectively
and similarly we achieve
In what follows we have used MAPLE symbolic mathematical program to calculate the trace of deviation matrix. First let us consider the behaviour of the deviation matrix near axes. From Eqs. (39) and (40) (30)- (31) reveals that v, a, e 2φ and κ tend to O(1) as we approach the considered limit.
It remains to take into account the behaviour of the deviation matrix near the black hole event horizon. From the previous considerations one has that if λ → c f φφ ≃ O(1) and ρ → O( √ λ − c). The inspection of the behaviour of the fields in EMAD-gravity given by the relations (30) and (31) enables to conclude that as λ → c they are proportional to O(1). They are well-behaved functions as λ tends to the constant value c. The same behaviours reveal the coefficients in relation (46) . Summing it all up, we draw the conclusion that it is sufficient to establish, that tr Ψ ≃ O(1) near the event horizon of Kerr-Sen black hole.
On the other hand, at spatial infinity f φφ ≃ O(λ) and the coefficients in the Mazur integral given by Eq.(46) are of the same form. The same tendency is provided by ρ. Then, the careful inspection of all the components building the trace of the deviation matrix Ψ reveals that ∂ µ (trΨ) ≃ O(λ −4 ) plus terms of order λ n , where n > −4. Just we have shown that trΨ is bounded in the orbit space and vanishing at spatial infinity. It concludes that two configurations conditions coincide, i.e., M [0] = M [1] in all the domain of outer communication << J >>. It provides that two solutions of equations of motion for EMAD-gravity underlying the same boundary and regularity conditions coincide with each other for at least one point in << J >>. We can assert to the coclusion. Theorem: Let us consider a stationary axisymmetric solution to four-dimensional EMAD-gravity being the low-energy limit of the heterotic string theory with asymptotically timelike Killing vector field k µ and spacelike Killing vector field φ µ responsible for rotation. Then, any solution with the same boundary and regularity conditions as the Kerr-Sen black hole is the Kerr-Sen solution itself.
III. UNIQUENESS OF EXTREMAL KERR-SEN SOLUTION
Consider now, the extremal Kerr-Sen solution, i.e.,r + =r − . Our next task will be to extract the near-horizon geometry of the extremal solution. To proceed further, let us define the coordinate transformation in the form as follows:t
Taking the limit of the scaling parameter λ → 0, we arrive at the near-horizon geometry of the Kerr-Sen extremal black hole spacetime. Consequently, we obtain the metric which yields In order to put the near-horizon metric for the Kerr-Sen extremal black hole into the Weyl-Papapetrou form, one can remind that (y, θ) part of the line element is conformal to dy 2 + y 2 dθ 2 . Thus, let us introduce the change of variables given by ρ = y sin θ, z = y cos θ.
Using the above relation (53) the line element (52) takes the form of (2). For the near-horizon geometry it turns out that the fields appearing in EMAD-gravity can be determined by v = (2M r − ) 
calculations, we can draw the conclusion that trΨ = O(1). All these conclude the following uniqueness result: Theorem: Let us consider a stationary axisymmetric spacetime with a connected degenerate future event horizon in fourdimensional EMAD gravity being the low-energy limit of the heterotic string theory Then, any solution with the same boundary and regularity conditions as the extremal Kerr-Sen black hole is the extremal Kerr-Sen solution itself.
